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ABSTRACT
This article identifies structural vector autoregressions (SVARs) through bound restrictions on the forecast
error variance decomposition (FEVD). First, the article shows FEVD bounds correspond to quadratic inequal-
ity restrictions on the columns of the rotation matrix transforming reduced-form residuals into structural
shocks. Second, the article establishes theoretical conditions such that bounds on the FEVD lead to a
reduction in the width of the impulse response identified set relative to only imposing sign restrictions.
Third, this article proposes a robust Bayesian approach to inference. Fourth, the article shows that elicitation
of the bounds could be based on DSGE models with alternative parameterizations. Finally, an empirical
application illustrates the potential usefulness of FEVD restrictions for obtaining informative inference in
set-identified monetary SVARs and remove unreasonable implications of models identified through sign
restrictions.
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1. Introduction and Related Literature
Since the work of Sims (1980), structural vector autoregressions
(SVARs) are the common tool for studying the dynamics caused
by macroeconomic shocks. Early studies employed zero short-
run, medium-run or long-run restrictions on impulse response
functions (IRFs) for the identification of structural shocks (Sims
1980; Uhlig 2004a; Blanchard and Quah 1989). However, the
recent research has relaxed controversial restrictions and has
relied on weaker assumptions. Specifically, since the works of
Faust (1998), Canova and Nicolo (2002), and Uhlig (2005), it
has become increasingly common to identify structural shocks
with sign restrictions on either the impulse response functions
or the structural parameters. Such restrictions are weaker than
classical identification schemes, and are therefore more likely to
generate agreement amongst researchers. Additionally, because
structural parameters and IRFs are set-identified, conclusions
are robust across the set of structural models that satisfy the sign
restrictions. However, this minimalist approach comes at a cost.
Sign restrictions usually deliver structural parameters with very
different implications for IRFs, elasticities, historical decompo-
sition (HD) and forecast error variance decomposition (FEVD).
On the one hand, this makes obtaining precise estimation,
informative inference and meaningful economic results chal-
lenging (Mountford 2005; Uhlig 2005; Paustian 2007; Antolín-
Díaz and Rubio-Ramírez 2018; Amir-Ahmadi and Drautzburg
2018; Arias, Caldara, and Rubio-Ramirez 2019). On the other
hand, some of the admissible structural models can contain
implausible implications. Specifically, under sign restrictions, a
contractionary monetary policy shock has no significant impact
on real variables in the short-run (Mountford 2005; Uhlig 2005)
and does not necessarily lead to a decrease in real economic
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activity. Kilian and Murphy (2012) found that sign restrictions
on IRFs of a SVAR for the oil market include parameters
with hard-to-believe implications for the price elasticity of oil
supply to demand shocks. Arias, Caldara, and Rubio-Ramirez
(2019) showed that sign restrictions in Uhlig (2005) did not
exclude a counter-intuitive impact on the systematic response
of monetary policy; Antolín-Díaz and Rubio-Ramírez (2018)
argued that sign restrictions on IRFs for the identification of
oil and monetary policy shocks contain parameters leading to
implausible HD. The challenge is to derive a small number of
further restrictions that are uncontroversial for the majority of
both researchers and informative.

This article, which is and develops the second chapter of
my Ph.D. dissertation (Volpicella 2020), provides tools for esti-
mation and inference in SVARs that are set-identified through
bound restrictions on the FEVD. These constraints complement
and are combined with standard sign restrictions, although
they can be imposed on their own depending on applications
and available information; like the work in Faust (1998), the
approach put bounds on structural objects, that is, the FEVD
here. The article shows constraints in the form of bounds are
appealing to researchers, who increasingly favour weak restric-
tions, because they can plausibly have beliefs about the FEVD.
These bounds can be easily derived from DSGE models and turn
out to be highly informative. In particular, this research makes
a number of contributions to the literature on structural shocks
identification.

The article identifies SVARs with bound restrictions on
the FEVD. It shows these constraints correspond to quadratic
inequality restrictions on the columns of the rotation matrix
transforming reduced-form residuals into structural shocks. In
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macroeconometrics, the FEVD is a standard tool for evaluating
whether, and to what extent, shocks of interest explain the
unexpected fluctuations of the target variables. Therefore, it
is typically reported alongside impulse responses in empirical
applications and it is also a scalar quantity lying in the unit
interval, which facilitates coming up with defensible bounds (or
ranges of values). This article thus bounds the average move-
ments in the data, or unconditional expectations, and differs
from some recent literature, where specific historical events are
used to constrain the HD and identify shocks (Antolín-Díaz and
Rubio-Ramírez 2018; Ludvigson, Ma, and Ng 2018, 2019). On
the other hand, the identification strategy in this work, although
completely novel, reminds us of the spirit of Kilian and Murphy
(2012), Baumeister and Hamilton (2018), and Baumeister and
Hamilton (2019), who placed bounds on particular structural
parameters.

Second, the article also addresses the tradeoff between sharp
identification and computation. In practice, it is unclear whether
the identification is sharp enough so that the identified set has
a small but positive measure, or whether the constraints are too
tight and the set has a zero measure (empty set); it can be hard
to distinguish between small and empty sets. Thus, as long as a
single shock is constrained, this article establishes sufficient con-
ditions on the reduced-form parameters to determine whether
the identified set implied by the constraints on the FEVD has
a positive measure; an algorithm provides a computationally-
fast practical check of the conditions. While recent studies
(Amir-Ahmadi and Drautzburg 2018; Gafarov, Meier, and Olea
2018; Giacomini and Kitagawa 2018; Granziera, Moon, and
Schorfheide 2018) establish conditions for nonemptiness under
zero and sign restrictions, this article advances the literature
by investigating nonemptiness in the context of bounds on the
FEVD.

Third, the article also contributes to the growing literature on
the econometrics of set-identified models. The current method-
ology for estimation and inference relies on subjective Bayesian
inference about the parameters and uses a conditionally uniform
prior (Arias, Rubio-Ramirez, and Waggoner 2018). Baumeister
and Hamilton (2015) criticized these priors because they can
lead to undesirable priors for structural parameters and get
never updated by data. Thus, this article performs prior-robust
inference about the impulse response identified set.

Fourth, I derive bounds on the FEVD which are consistent
with the implications of common theoretical frameworks. As
an illustrative example, popular DSGE models la Smets and
Wouters are considered.

Finally, bound restrictions on the FEVD deliver informative
inference about impulse response identified set, in the sense
they can yield narrow identified set estimates and confidence
bands when combined with sign restrictions, and address the
traditional criticism about the uninformative inference implied
by set-identification. While sign restrictions typically suggest
that contractionary monetary policy shocks have no effects
on real variables and are even likely to increase real activity,
an empirical application shows that a small number of fairly
loose bounds on the FEVD, in addition to sign restrictions,
is sufficient to recover short-run significant effects of mone-
tary shocks on real variables, deliver highly informative results,
remove unreasonable implications, increase the precision of

estimation, and sharpen the inference of sign-restricted mod-
els. For instance, this article finds that the 2-quarter ahead
consumption response to a 15 basis point increase in the fed-
eral funds rate is between −0.67% and −0.01% when some
bounds on the FEV are imposed in combination with stan-
dard sign restrictions; on the other hand, sign constraints on
their own deliver a consumption response between −1.21% and
+0.29%. The same applies to other real variables, including
output.

As is clear, this article introduces a new identification strategy
for SVARs by imposing constraints on the FEVD bounds and
provides tools for estimation and inference. Although point-
identifying shocks by maximizing the FEV of a target variable
to the shock of interest at a long, but finite, horizon is relatively
common (Dieppe, Neville, and Kindberg Hanlon (2019) pro-
vided a survey about this approach, known as Max Share Iden-
tification), constraining the bounds of, or imposing inequality
restrictions on, the FEVD is a novel strategy. This scheme allows
to overcome the bias in the traditional Max Share estimator
that arises from the shock of interest not being literally the
only shock that affects certain variables at intermediate horizons
(confounding shocks).

After earlier presentation of this article, I became aware of
a article by Lovcha and Pérez Laborda (2016), who employed
a specific two-shock real business cycle (RBC) framework to
point-identify technology contributions in the frequency vari-
ance decomposition. However, my work is dramatically different
and much more general because (i) the identification is based
on the FEVD (time domain) rather than the frequency variance
decomposition (frequency domain); (ii) the constraints bound
the FEVD instead of point-identifying the frequency variance
decomposition; and (iii) restrictions, rather than deriving from
a specific small-scale RBC model, can be consistent with a
multiplicity of models.

This article is organized as follows: Section 2 provides the
econometric framework; Section 3 introduces bounds on the
FEVD, establishes conditions for nonemptiness and delivers
estimation and inference tools; Section 4 shows how bounds
on the FEVD can be derived; Section 5 provides the monetary
policy application; and finally, Section 6 concludes. A technical
appendix provides proofs of the propositions, conditions for set-
reduction, and an illustrative bivariate example. A supplemental
appendix reports further empirical results.

2. The Econometric Framework

This section defines the SVAR. It then introduces the identi-
fication problem and the class of standard equality and sign
restrictions.

2.1. The Model

Consider a SVAR(p) model

A0yt = a +
p∑

j=1
Ajyt−j + εt (2.1)

for t = 1, . . . , T, where yt is an n × 1 vector of endogenous
variables, εt an n × 1 vector white-noise process, normally
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distributed with mean zero and variance-covariance matrix In,
Aj for j = 0, . . . , p is an n × n matrix of structural coefficient.
Structural disturbances are assumed to be uncorrelated. The
initial conditions y1, . . . , yp are given. Let θ = (A0, A+) collect
the structural parameters, where A+ = (a, Aj) for j = 1, . . . , p.
The reduced-form VAR is as follows:

yt = b +
p∑

j=1
Bjyt−j + ut , (2.2)

where b = A−1
0 a is an n × 1 vector of constants, Bj =

A−1
0 Aj, ut = A−1

0 εt denotes the n × 1 vector of reduced-
form errors. var(ut) = E(utu′t) = � = A−1

0 (A−1
0 )′ is the

n × n variance-covariance matrix of reduced-form errors. Let
φ = (B, �) ∈ � collect the reduced-form parameters, where
B ≡ [

b, B1, . . . , Bp
]
, � ⊂ Rn+np × �, and � is the space of

symmetric positive semidefinite matrices. Note that � is such
that the VAR(p) is invertible into a VMA(∞), that is, the model
is stationary, and results in this article focus on stationary cases.
The VMA(∞) representation of Equation (2.2) is

yt = c +
∞∑

j=0
Cj(B)A−1

0 εt−j, (2.3)

where Cj(B) is the jth coefficient matrix of (In − ∑p
j=1 BjLj)−1.

Let the n × n matrix

IRh = Ch(B)A−1
0 (2.4)

be the impulse response at hth horizon for h = 0, 1, . . . , where
its (i, j)-element denotes the effect on the ith variable in yt+h of
a unit shock to the jth element of εt .

2.2. The Identification Problem

In the absence of any identifying restrictions, Uhlig (2005)
showed that {A0 = Q′�−1

tr : Q ∈ �(n)} is the set of
observationally equivalent A0’s consistent with reduced-form
parameters, where � relates to A0 by � = A−1

0 (A−1
0 )′, �tr

denotes the lower triangular Cholesky matrix with nonnegative
diagonal coefficients of �, and Q ∈ �(n), known as rotation
matrix, is the n × n orthonormal matrix belonging to the space
of n × n orthonormal matrices �(n). The likelihood function
depends on φ and does not contain any information about Q,
leading to ambiguity in decomposing �.

This article focuses on set-identification, and conditions
for the identified set not to be a singleton, that is, no point-
identification, are provided in Proposition 3.2. Thus, in the
absence of any identifying restrictions, any Q ∈ �(n) is con-
sistent with A0, given the reduced-form parameters. Without
loss of generality, suppose that one is interested in a specific
(structural) impulse response; for instance, the (i, j)th element
of IRh:

gh
ij(φ, Q) ≡ e′

iCh(B)�trQej ≡ c′
ih(φ)qj,

where gh
ij(φ, Q) ∈ R, ei is the ith column vector of In, qj is

the jth column of Q and c′
ih(φ) represents the ith row vector

of Ch(B)�tr . Since Q is orthonormal, q′
jqi = 0 for j �= i (this

orthogonality condition matters only if a multiplicity of shocks
is restricted).

2.2.1. Equality Restrictions
Typical equality restrictions include zero restrictions on the
off-diagonal elements of A0, on contemporaneous impulse
responses IR0 = A−1

0 , on lagged coefficients, and on the
long-run impulse responses IR∞ = (In − ∑p

j=1 Bj)−1�trQ.
Without loss of generality, this article reduces the set of equality
restrictions to zero restrictions only

F(φ, Q) ≡
⎛
⎜⎝

F1(φ)q1
...

Fn(φ)qn

⎞
⎟⎠ = 0, Fi(φ): fi × n, (2.5)

where fi × n matrix Fi(φ) depends on φ. Each row vector in
Fi(φ) is the coefficient vector of a zero restriction that constrains
the correspondent column of Q, and fi denotes number of zero
restrictions constraining qi.

2.2.2. Sign Restrictions
Let shj denote the number of sign restrictions on impulse
responses to shock j at horizon h. The sign restrictions on
shock j are Shj(φ)qj ≥ 0, where Shj(φ) ≡ DhjCh(B)�tr is
a shj × n matrix and Dhj is the shj × n selection matrix that
selects the sign-restricted responses from the n × 1 response
vector Ch(B)�trqj. The nonzero elements of Dhj can be equal
to 1 or to −1 depending on the sign of the restriction on the
impulse response of interest. By considering multiple horizons,
the whole set of sign restrictions placed on the jth shock is

Sj(φ)qj ≥ 0. Specifically, Sj is a
(∑h̄j

h=0 shj

)
× n matrix defined

by Sj(φ) =
[

S′
0j(φ), . . . , S′

h̄jj(φ)
]

′.
Let IS ⊂ {1, 2, . . . , n} be the set of indices such that j ∈ IS

if some of the impulse responses to the j-th structural shock are
sign-constrained. Thus, the set of all sign restrictions is

Sj(φ)qj ≥ 0, for j ∈ IS . (2.6)

With abuse of notation, let S(φ, Q) ≥ 0 collect all sign restric-
tions Sj(φ)qj ≥ 0 for any j ∈ IS . Let Q(φ|F, S) be the set of Q’s
that satisfy zero and sign restrictions, given φ:

Q(φ|F, S) = {Q ∈ �(n) : F(φ, Q) = 0, S(φ, Q) ≥ 0}.

The identified set for the object of interest is a set-valued map
from φ to a subset in R that delivers the range of gh

ij(φ, Q) when
Q varies over Q(Q|F, S)

ISg(φ|F, S) = {gh
ij(φ, Q) : Q ∈ Q(φ|F, S)}. (2.7)

3. Bounds on the FEVD

While zero and sign restrictions are well-established tools for
identifying shocks, this section introduces constraints on the
bounds of the FEVD. First, it explains how bounds on the FEVD
shape the identified set. Second, it establishes the relationship
between FEVD, zero restrictions and Max Share identification.
Third, it illustrates the common features between the approach
here and the earlier work of Faust (1998). Fourth, it provides
conditions for nonemptiness and set-identification. Finally, it
presents a robust-prior procedure for estimation and inference.
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3.1. The Forecast Error Variance

The h̃-step ahead forecast error (FE) for a SVAR, as in Equation
(2.1), given all the data up to t −1, is FE(h̃) ≡ yt+h̃ −yt+h̃|t−1 =∑h̃

h=0 IRhεt+h̃−h. Thus, the FEV at horizon h̃ is

FEV(h̃)≡E
[
(yt+h̃−yt+h̃|t−1)(yt+h̃−yt+h̃|t−1)

′]=
h̃∑

h=0
IRhIRh′

.

As a result, the contribution of shock j to the FEV of variable z
at horizon h̃ is

CFEVz
j (h̃) ≡ FEVz

j (h̃)

FEVz(h̃)
=

∑h̃
h=0(IRh

z,j)
2

∑n
i=1

∑h̃
h=0(IRh

z,i)
2

, (3.1)

where FEVz
j (h̃) = ∑h̃

h=0(IRh
z,j)

2 is the FEV of variable z due to

shock j at horizon h̃, FEVz(h̃) = ∑n
i=1

∑h̃
h=0(IRh

z,i)
2 denotes

the total FEV of variable z at horizon h̃, IRh
z,j represents the

(z, j)th element of IRh, and 0 ≤ CFEVz
j (h̃) ≤ 1 by definition.

Uhlig (2004b) showed that Equation (3.1) can be written as

CFEVz
j (h̃) = qj

′ϒz
h̃
(φ)qj, (3.2)

where ϒz
h̃
(φ) =

∑h̃
h=0 czh(φ)c′

zh(φ)∑h̃
h=0 c′zh(φ)czh(φ)

is a positive semidefinite n×n

real matrix. The quantity in Equation (3.2) is commonly used to
evaluate whether, and at what degree, a shock of interest j drives
the unexpected fluctuations of a target variable z at horizon h̃.
This is typically employed to illustrate the sources of variables
fluctuation at different horizons.

Suppose that a researcher believes that the contribution of
shock j to FEV of variable z at horizon h̃ is bounded between kz

jh̃
and k̄z

jh̃
, where 0 ≤ kz

jh̃
≤ k̄z

jh̃
≤ 1. This implies that

kz
jh̃

≤ qj
′ϒz

h̃
(φ)qj ≤ k̄z

jh̃
. (3.3)

Let IFEV be a set of of indices such that j ∈ IFEV if shock j is
restricted as in Equation (3.3); let �j be a set of of indices such
that z ∈ �j, where j ∈ IFEV, if the FEV of variable z ∈ {1, . . . , n}
to shock j is bounded as in Equation (3.3); Hzj ⊆ 0, 1, . . . is the
set of indices such that h̃ ∈ Hzj if the FEV of z ∈ �j to shock
j ∈ IFEV is bounded at horizon h̃. Thus, the set of all the bounds
on the FEVD can be accordingly expressed by

kz
jh̃

≤ qj
′ϒz

h̃
(φ)qj ≤ k̄z

jh̃
, for j ∈ IFEV, z ∈ �j and h̃ ∈ Hzj.

(3.4)
As a shorthand notation, let k ≤ �(φ, Q) ≤ k̄ be the whole set
of bounds on the FEVD represented by Equation (3.4), where
�(φ, Q) collects qj′ϒz

h̃
(φ)qj for j ∈ IFEV, z ∈ �j and h̃ ∈ Hzj.

Thus, the set of Q’s that satisfy zero restrictions, sign restrictions
and restrictions on the FEVD is

Q(φ|F, S, �) = {Q ∈ �(n) : F(φ, Q)

= 0, S(φ, Q) ≥ 0, k ≤ �(φ, Q) ≤ k̄}.
The identified set for the object of interest is

ISg(φ|F, S, �) = {gh
ij(φ, Q) : Q ∈ Q(φ|F, S, �)}. (3.5)

Section 3.4 establishes conditions for nonemptiness and set-
identification.

3.2. Zero Restrictions, Max Share Identification and
Bounds on the FEV

Zero Short-Run Restrictions. When bounds on the FEV are close
to zero, researchers can also approximate zero restrictions. For
instance, Christiano, Eichenbaum, and Evans (1999) and several
articles identify monetary policy shocks with zero short-run
restrictions, for example, real output (y) cannot react contem-
poraneously to monetary policy shocks (mp). This can be inter-
preted as a zero contribution of the shock to the variance of real
output at horizon h = 0. Thus, the following tight bounds on
the FEVD impose an equivalent, but less dogmatic, restriction:

0 ≤ CFEVy
mp(0) ≤ δ, with δ small.

For δ = 0, constraint above is reduced to the exact zero
restriction.
Zero Long-Run Restrictions. Similar extension to zero long-run
restrictions would require nonstationary VARs. Although in
arbitrary nonstationary models the FEVD remains well-defined
up to a finite maximum horizon h̃ = H, the long-run (infinite
horizon) FEV decomposition may not be well-defined (Kilian
and Lütkepohl 2017, sec. 4.2).
Max Share Identification. Recently, some scholars proposed to
point-identify shocks by maximizing the FEV of a target variable
to the shock of interest at a long, but finite, horizon (Uhlig
2004b; Barsky and Sims 2011; Francis et al. 2014; Mumtaz,
Pinter, and Theodoridis 2018). On the one hand, the machinery
in this article provides a less dogmatic approach, where (set-
)identification is still feasible without the need for uniquely
pinning down the FEVD. Since different theoretical frameworks
typically lead to distinct FEVD, bounding, rather than point-
identifying through maximization, the FEVD is a natural tool
to reconcile various theoretical models. This strategy also avoids
the bias in the Max Share estimator that arises from confounding
shocks, that is, the shock of interest not being the only shock
that impacts on certain variables at intermediate horizons. On
the other hand, bounds can be a tool to investigate the sensitivity
and robustness of empirical findings to the perturbation of the
maximized FEV.

3.3. The Relationship With Faust (1998)

This article has natural links with the article of Faust (1998),
who worked out how researchers could get bounds on the FEVD
given identifying restrictions on the IRFs. In particular, Faust
(1998) showed that a minimal set of identifying constraints on
impulse responses, including sign restrictions, deliver bounds
on the FEVD which can be used to support or reject economic
claims, for example, monetary policy shocks account for a small
share of the FE variance of output at business cycle frequencies.
Spirit in Faust (1998) is similar to this article as the structural
object of interest does not need to be (point-)identified; thus,
one can assess claims in large models using minimal restrictions.
However, the article here has an opposite perspective as it tackles
the dual of the problem considered by Faust (1998): it bounds,
or set-identifies, impulse responses given restrictions on the
FEVD. Furthermore, estimation procedure and derivation of
theoretical restrictions differ.
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3.4. Nonemptiness and Set-Identification

There is a well-known tradeoff between sharp identification and
computation (Uhlig 2017; Amir-Ahmadi and Drautzburg 2018;
Giacomini and Kitagawa 2018; Gafarov, Meier, and Olea 2018;
Granziera, Moon, and Schorfheide 2018; Giacomini, Kitagawa,
and Volpicella 2017). In fact, tight restrictions can potentially
lead to sets with zero measure, or empty sets; thus, it is cru-
cial to distinguish when the identification is sharp because the
identified set has a reduced but positive measure, and when
constraints are too tight and lead to empty sets. Therefore, the
current section addresses this tradeoff and provides sufficient
conditions for assessing whether bounds on the FEVD deliver a
nonempty set.

To elucidate the results in this section, it is helpful to intro-

duce some more notation. Let ϒz
h̃S

(φ) = ϒz
h̃
(φ)+(ϒz

h̃
(φ))′

2 denote

the symmetric part of ϒz
h̃
(φ), where z ∈ �j and h̃ ∈ Hzj. λzh̃

l,j
for l = {1, . . . , n} are the n real eigenvalues of ϒz

h̃S
(φ). Note that

λzh̃
max,j = max{λzh̃

1,j, . . . , λzh̃
n,j} and λzh̃

min,j = min{λzh̃
1,j, . . . , λzh̃

n,j}.

q̃l is the eigenvector associated with λzh̃
l,j , namely ϒz

h̃S
(φ)q̃l =

λzh̃
l,j q̃l. Finally, let A(q∗) denote the Jacobian matrix of active

constraints evaluated at q∗. Sign restrictions are defined to be
active at q∗ if Sj(φ)q∗ = 0; lower bound on the FEV is active at
q∗ if kz

jh̃
= (q∗)′ϒz

h̃
(φ)q∗ for z ∈ �j; the same applies to upper

bounds. By construction, zero restrictions are always active.
Proposition 3.1 establishes conditions for the nonemptiness

of ISg(φ|F, S, �).

Proposition 3.1. (Nonemptiness) Let {gh
ij∗(φ, Q) = c′

ih(φ)qj∗ :
i = 1, . . . , n, h = 0, 1, . . . } denote the impulse responses to the
j∗−th shock. Assume that identifying restrictions are placed on
the j∗th structural shock only, that is, fi = 0 for i �= j∗, IS =
IFEV = {j∗}, let z ∈ {1, . . . , n}. If the following conditions hold:

(a) ∃z ∈ �j∗ , ∃h̃ ∈ Hzj∗ | kz
j∗h̃

≤ λzh̃
l,j∗ ≤ k̄z

j∗h̃
, ϒz

h̃S
(φ)q̃l =

λzh̃
l,j∗ q̃l for some l = {1, . . . , n},

(b) given q̃l from (a), kz
j∗h̃

≤ q̃l
′ϒz

h̃
(φ)q̃l ≤ k̄z

j∗h̃
∀z ∈

�j∗ and ∀h̃ ∈ Hzj∗ , Sj∗(φ)q̃l ≥ 0, Fj∗(φ)q̃l = 0,

then the identified set ISg(φ|F, S, �) is nonempty and bounded.

The main assumption is that restrictions constrain a single
shock; in the empirical literature this is relatively common. If
there is a z ∈ �j∗ satisfying condition (a), constraint kz

j∗h̃
≤

qj∗ ′ϒz
h̃
(φ)qj∗ ≤ k̄z

j∗h̃
is fulfilled for qj∗ = q̃l, where q̃l is

the eigenvector associated with λzh̃
l,j∗ and is as such analytically

available. If q̃l satisfies the remaining restrictions (condition b),
then the set is non-empty. The following algorithm implements
Proposition 3.1:

Algorithm 3.1.

Step 1: Draw φ from posterior distribution of the reduced-form
VAR.

Step 2: For a variable z ∈ �j∗ and h̃ ∈ Hzj∗ , compute the corre-
spondent eigenvalues λzh̃

l,j∗ of ϒz
h̃S

(φ) for l = {1, . . . , n}.

Step 3: Store ∀λzh̃
l,j∗ | kz

j∗h̃
≤ λzh̃

l,j∗ ≤ k̄z
j∗h̃

; otherwise, that is,

�λzh̃
l,j∗ | kz

j∗h̃
≤ λzh̃

l,j∗ ≤ k̄z
j∗h̃

, ISg(φ|F, S, �) is empty.

Step 4: If ∃λzh̃
l,j∗ such that the associated eigenvector q̃l satisfies

the remaining restrictions, then ISg(φ|F, S, �) is non-
empty. Otherwise, go back to Step 2.

Proposition 3.1 is potentially characterized by a gray area,
where sufficient conditions do not hold. However, in the empiri-
cal application sufficient conditions are mostly satisfied. If these
conditions fail, a numerical procedure described in Section 3.5
is used to detect nonemptiness. Proposition A.2 in the technical
appendix complements this section and provides easy-to-check
necessary conditions for the reduction of the identified set in the
context of bounds on the FEV.

The next proposition provides conditions for set-
identification. To be consistent with literature and without
loss of generality, set-identification is established with respect
to admissible rotation matrices (Granziera, Moon, and
Schorfheide 2018; Amir-Ahmadi and Drautzburg 2018).

Proposition 3.2. (Set-identification). Assume that identifying
restrictions are placed on the j∗th structural shock only, that
is, fi = 0 for i �= j∗, IS = IFEV = {j∗}. If there exists q∗
satisfying identifying restrictions such that A(q∗) has full rank,
then Q(φ|F, S, �) is not a singleton.

If the gradients of active identifying restrictions are lin-
early independent, then set-identification arises. The main
assumption of Proposition 3.2 is to limit the number of active
constraints, such as zero restrictions and binding sign con-
straints/bounds on the FEV. It also rules out that equality
restrictions can be originated from pairs of sign restrictions and
bounds on the FEV.

3.5. Estimation and Inference

For set-identified SVARs, estimation and inference are not
straightforward. The common approach is to impose some
prior on φ and a uniform distribution on Q in the space of
orthonormal matrices. However, according to Baumeister and
Hamilton (2015), that choice for Q does not imply a uniform
distribution over the identified set of the structural parameters,
because the latter are a function of reduced-form parameters
and rotation matrix. Additionally, since Q cannot get updated
by data, as opposed to reduced-form parameters, Baumeister
and Hamilton (2015) stressed that, even asymptotically, the
posterior of structural parameters is proportional to the prior
distribution.

This article addresses the above criticisms by computing the
infimum and supremum over all admissible rotation matrices.
This implies that the identified set is distribution-free, that is,
it does not depend on a specific prior over Q. Specifically, the
set is conditional on reduced-form parameters φ, and as such
reflects the reduced-form parameter uncertainty. For sign and
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zero restrictions only, a similar solution was proposed by Gia-
comini and Kitagawa (2018), Gafarov, Meier, and Olea (2018),
and Amir-Ahmadi and Drautzburg (2018); this article suggests
a distribution-free identified set that is subject to bounds on
the FEVD and generalizes the optimization problem in Amir-
Ahmadi and Drautzburg (2018) to include quadratic inequality
constraints. As is common in the literature (Giacomini and
Kitagawa 2018; Gafarov, Meier, and Olea 2018), characterization
of the set is defined for models that place restrictions on a single
shock.

Specifically, Algorithm 3.2 describes the steps for estimating
the identified set of gh

ij∗(φ, Q) = c′
ih(φ)qj∗ for some i =

{1, . . . , n}, h = 0, 1, . . . , and a shock of interest j∗ ∈ {1, . . . , n}.
Let h̃ = 0, 1, . . . .

Algorithm 3.2.

Step 1: Draw φ from posterior distribution of the reduced-form
VAR.

Step 2: If ISg(φ|F, S, �) is non-empty, then go to Step 3. Other-
wise, go back to Step 1.

Step 3: Compute the bounds of the set of gh
ij∗(φ, Q):

min
qj∗

and max
qj∗

c′
ih(φ)qj∗

s.t. Fj∗(φ)qj∗ = 0, Sj∗(φ)qj∗ ≥ 0,
kz

j∗h̃
≤ qj∗

′ϒz
h̃
(φ)qj∗ ≤ k̄z

j∗h̃
for any z ∈ �j∗

and h̃ ∈ Hzj∗ , ||qj∗ || = 1.

Step 4: Repeat Steps 1–3 L times, e.g. L = 1000.

In the views of Giacomini and Kitagawa (2018) and Amir-
Ahmadi and Drautzburg (2018), Algorithm 3.2 delivers prior-
robust estimation and inference because it is not dependent on
a specific prior over Q. Thus, according to DiTraglia and García-
Jimeno (2016), it is also frequentist friendly and fully complies
with the principle of transparent parameterization invoked by
Schorfheide (2017). The algorithm relies jointly on a standard
sampling from the posterior of reduced-form parameters (Step
1), the detection of emptiness (Step 2) and a numerical opti-
mization to derive bounds of the set (Step 3). The latter consists
of a linear objective function with linear and quadratic con-
straints. Compared to the influential article by Giacomini and
Kitagawa (2018), there are two main differences. First, in order
to compute bounds of the identified set, numerical optimization
is used rather than Monte Carlo integration. The latter may be
very complicated and impractical, especially for medium- and
large-sized SVARs, and tends to underestimate the set. Further-
more, the optimization problem contains quadratic inequality
constraints on qj∗ , that are induced by bounds on the FEVD.
This is also the main departure from the works of Gafarov,
Meier, and Olea (2018), and Amir-Ahmadi and Drautzburg
(2018).

The following proposition establishes the conditions for con-
vexity of the identified set, under which implementation of
Algorithm 3.2 is simplified. The proposition constraints the
bounds of the FEVD or the matrix Dhj, namely the shj × n
selection matrix that selects the sign-restricted responses from
the n×1 response vector Ch(B)�trqj. The empirical application

will show that those conditions are easy to satisfy. However, if the
set is nonconvex, researchers can still run the algorithm in order
to compute the convex hull of the identified set.

Proposition 3.3. (Convexity). Let {gh
ij∗(φ, Q) = c′

ih(φ)qj∗ :
i = 1, . . . , n, h = 0, 1, . . . } denote the impulse responses to
the j∗−th shock. Assume that identifying restrictions are placed
on the j∗−th structural shock only, that is, fi = 0 for i �=
j∗, IS = IFEV = {j∗}, and let z ∈ {1, . . . , n}. Suppose that the
corresponding Q(φ|F, S, �) is nonempty and not a singleton.
Let h̄z denote the horizon up to which the FEV of variable
z ∈ �j∗ is bounded. For each z ∈ �j∗ , if one of the following
conditions hold

(a) kz
j∗h̃

= 0 for each h̃ ∈ Hzj∗ ,

(b) (h, z)th element of Dhj∗ is equal to 1 for h = 0, . . . , h̄z,
(c) (h, z)th element of Dhj∗ is equal to −1 for h = 0, . . . , h̄z,

then ISg(φ|F, S, �) is convex.

Under condition (a), the identified set defined by quadratic
constraints on qj∗ due to the bounds on the FEVD is always
convex. On the other hand, (b) and (c) are mutually exclu-
sive: the former implies that the impulse responses of vari-
ables for which the FEVD to shock j∗ is bounded up to hori-
zon h̄z are also positively (negatively under condition c) sign-
restricted up to h̄z. Conditions (b) and (c) therefore linearize
the restrictions on the FEVD. This offers great flexibility because
distribution-free algorithms in the works of Giacomini and
Kitagawa (2018), Gafarov, Meier, and Olea (2018), and Amir-
Ahmadi and Drautzburg (2018) and emptiness detection meth-
ods in Gafarov, Meier, and Olea (2018) and Amir-Ahmadi and
Drautzburg (2018) can be also applied as long as (b) or (c) holds
∀z ∈ �j∗ .

Finally, when conditions in Proposition 3.1 fail, this article
considers the identified set empty if the Step 3 in Algorithm 3.2
cannot find an interior solution for a multiplicity of starting
points. Alternatively, one can follow the standard literature and
treat the set as empty whether, for a number of draws from the
orthonormal space, an admissible rotation matrix Q cannot be
found.

4. How to Derive Restrictions

The current section presents a methodology to derive bounds on
the FEVD from economic theory. Generally, embodying theory-
driven implications of DSGE frameworks into SVARs as iden-
tifying restrictions, especially sign constraints, is increasingly
common, for example, Dedola and Neri (2007), Pappa (2009),
Peersman and Straub (2009), Canova and Paustian (2011), and
Lippi and Nobili (2012). The procedure is the following.

1. Select a state-space representation.
To illustrate the fundamental restrictions that a theoretical
structure imposes on the FEVD to monetary policy shock,
the article considers medium-sized New-Keynesian frame-
work (Smets and Wouters 2005). However, the methodology
can be applied to any other theoretical model. Since the
framework is well known, this article refers to Smets and
Wouters (2005, 2007) for the specifics.
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Table 1. Example of restrictions.

yt wt πt it

IRFs, h = 0 − ? − +
FEV, h = 0 [0.05, 0.15] [0.00, 0.03] [0.00, 0.02] [0.37, 0.66]
NOTES: Section 4, Step 2: sign of impact responses and FEV at horizon h = 0 to

contractionary monetary policy shock.
+(−) indicates that at least the 90% of the draws finds that a certain variable has a
positive (negative) response upon impact; ? indicates that the sign of the response
cannot be uniquely pinned down; the bounds of the FEVD are computed as the
5th and 95th percentile.

2. Bounds on the FEVD need to be robust across parameteriza-
tions within the chosen state-space framework. In particular,
Table 1A in the supplemental appendix shows that all DSGE
parameters are distributed over reasonable ranges derived
from the literature.
For each draw of DSGE parameter vectors, researchers can
compute the impulse responses and the FEVD to 1 standard
deviation positive (contractionary) monetary policy shock
for output (yt), consumption (ct), investment (It), real wages
(wt), hours worked (lt), inflation rate (πt), and interest rate
(it). As illustration, Table 1 reports the signs of the impulse
responses and the FEVD at horizon h = 0 (for a subset of
variables) from Smets and Wouters (2005). Given the variety
of parameterizations embodied, the FEVD shows relatively
large intervals and loose bounds.

3. Investigate alternative state-space models to reduce the prob-
ability that the bounds on the FEVD are model specific. For
instance, the framework in Step 1 contains several frictions,
but financial ones are absent; thus, a spectrum of finan-
cial frictions and shocks can be easily added, for example,
Gertler and Karadi (2011), Christiano, Motto, and Rostagno
(2014), and Curdia and Woodford (2010). With this spirit, the
empirical application considers even weaker, and less model
specific, bounds than those in Table 1.

However, there are alternative ways of deriving the bounds
on the FEVD. For instance, if the researcher was particularly
confident of a specific state space representation, Step 3 would
be pointless. Constraints on the FEVD can also come from
the researcher’s beliefs. For instance, Dedola and Neri (2007)
argued that technology shocks need to explain at least the 70%
of the FEV of the labor productivity in the medium-run. In
fact, this is a lower bound that can be used as identifying
assumption.

5. Empirical Application: Monetary Policy Shocks

A considerable body of literature has studied the impact of
monetary policy shocks on output using SVARs, identified with
zero restrictions (Christiano, Eichenbaum, and Evans 1999;
Bernanke and Mihov 1998), sign restrictions (Uhlig 2005) and
both (Arias, Caldara, and Rubio-Ramirez 2019). SVARs identi-
fied using zero restrictions have consistently found that a con-
tractionary monetary policy shock implies a significant reduc-
tion in short-run real economic activity. This consensus view
was challenged by Uhlig (2005), who argued against imposing a
controversial zero restriction on the IRF of output to a monetary
policy shock upon impact. Specifically, he identified a monetary

policy shock by imposing sign restrictions only on the IRFs of
variables other than the output, that was therefore left unre-
stricted. The lack of restrictions on output makes this approach
appealing and explains why it has been used extensively in
empirical studies. This identification scheme typically finds
that a contractionary monetary policy shock has no significant
impact on real variables in the short-run, does not necessarily
lead to a decrease in real activity and the inference is largely
uninformative (Uhlig 2005; Mountford 2005; Rafiq and Mallick
2008). Furthermore, Arias, Caldara, and Rubio-Ramirez (2019)
and Antolín-Díaz and Rubio-Ramírez (2018) showed that sign
restrictions cannot exclude implausible implications on the sys-
tematic response of monetary policy and HD, respectively.

First, this section illustrates that, in addition to sign restric-
tions, a small number of loose bounds on the FEVD is suffi-
cient to deliver highly informative results and precise estimation
and exclude implausible implications by recovering significant
effects of monetary policy shocks on real variables (Section 5.1).
Second, I have investigated the mechanism behind the change
in estimation and inference implied by bounds on the FEVD
(Section 5.2). Finally, this section briefly discusses robustness
of the empirical results (see the supplemental appendix for
details).

5.1. Seven-Variable SVAR

This section estimates the following two models, where the
endogenous variables include those considered in Section 4:

• Sign Restrictions
This model identifies an interest rate shock through sign

restrictions on impact responses. A contractionary interest
rate shock reduces inflation, consumption, investment and
hours worked, and increases interest rate: IR0

ci ≤ 0, IR0
Ii ≤ 0,

IR0
li ≤ 0, IR0

π i ≤ 0, IR0
ii ≥ 0. According to the agnostic spirit

of sign restrictions, the output response is left unrestricted
(Uhlig 2005; Antolín-Díaz and Rubio-Ramírez 2018; Arias,
Caldara, and Rubio-Ramirez 2019).

• Bounds on the FEVD
In addition to the sign restrictions, the FEVD of nominal

variables is bounded as follows: 0.37 ≤ CFEVi
i(0) ≤ 0.66

and CFEVπ
i (0) ≤ 0.38. Note that these bounds are weaker

than those considered in Table 1. Since the object of interest
is the real output response, the FEVD of real variables is
not directly bounded. The monetary disturbance is there-
fore free to potentially explain a large share of the short-
run unexpected movements in the interest rate, whereas its
contribution to the fluctuations of π may be large, but also
unbounded from below.

The application relies on the dataset constructed by Smets
and Wouters (2007) and employs quarterly variables; I have
considered the first differences of logs, except for the federal
funds rate. The reduced-form prior follows a flat Normal Inverse
Wishart distribution and is common to any set of identifying
restrictions. The cumulative impulse responses are shown for all
the variables with the exception of the interest rate and inflation
rate. The monetary shock is normalized to 15 basis points.
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Figure 1. Bounds on the FEVD: impulse responses identified set.

Figure 1 illustrates the identified set of the impulse responses
induced by bounds on the FEVD. In each panel, the gray
solid lines plot the posterior means of the response set bounds
and the gray dashed lines display the 68% Bayesian credi-
bility region of the response set computed as an equal-tailed
interval (ETI). A contractionary monetary shock leads to a
negative response of the real variables in the short-run, with
high probability. For instance, the consumption response after
two quarters varies between −0.67% and −0.01% . At longer
horizons, the effect of monetary disturbances tends to be no
longer significant. The results are therefore likely to be con-
sistent with the textbook theory according to which monetary
shocks matter in the short-run, but are much less relevant
at longer horizons. On the other hand, Figure 2 compares
the set of the responses induced by bounds on the FEVD
and sign restrictions. The latter deliver very large and dis-
perse sets, and are consistent with the neutrality of monetary
shocks in the short-run. They lead to extremely imprecise

estimation, do not rule out expansionary effects of tight mon-
etary policy, and contain structural responses with different,
and not rarely contradictory, economic implications. Under sign
restrictions, it is therefore challenging to obtain any mean-
ingful, or informative, conclusion about both the magnitude
and the sign of the effects of a monetary shock. For example,
the 2-quarter ahead response of consumption varies between
−1.21% and +0.29%. A limited number of fairly loose bounds
on the FEVD is sufficient to increase estimation precision,
remove extreme or implausible results and reach informative
outcomes.

In each panel, the gray solid lines plot the posterior means
of the response set bounds for the model with bounds on the
FEVD; the gray dashed lines plot the 68% Bayesian credibility
region of the response set for the model with bounds on the
FEVD. Monetary policy shock size is set to 15 basis points;
vertical axis is measured in percentage, with the exception of
panel (a), where 0.10 is equivalent to 10 basis points.
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Figure 2. Bounds on the FEVD versus sign restrictions: impulse responses identified set.

In each panel, the gray solid lines plot the posterior means
of the response set bounds for the model with bounds on the
FEVD; the gray dashed lines plot the 68% Bayesian credibility
region of the response set for the model with bounds on the
FEVD; the black solid lines plot the posterior means of the
response set bounds for the model with sign restrictions; the
black dashed lines plot the 68% Bayesian credibility region of
the response set for the model with sign restrictions. Monetary
policy shock size is set to 15 basis points; vertical axis is mea-
sured in percentage, with the exception of panel (a), where 0.10
is equivalent to 10 basis points.

5.2. Investigating the Mechanism

Section 5.1 showed that loose bounds on the FEVD dra-
matically affect estimation and inference without constraining

key variables of interest. This section fully documents how,
and to what extent, the mechanism works. To look into the
machinery further, I have studied the unbounded FEVD of
the sign-restricted SVAR in the data. For example, 0.00 ≤
CFEVi

i(0) ≤ 0.85 and 0.00 ≤ CFEVπ
i (0) ≤ 0.84 are the 99%

(marginal) Bayesian credibility regions if only sign restrictions
apply; the comparison with bounds on the FEVD of i and
π applied in Section 5.1 shows that the restrictions on the
FEVD trim the structural parameters with a low contribution
of the shock to the interest rate fluctuations and a high con-
tribution to the variance of the inflation rate. Such a trimming
alters the estimation and inference originally induced by sign
restrictions.

Finally, the results are robust to a battery of checks in the sup-
plemental appendix. This includes constraining variables other
than inflation and interest rates (Section A.1.1, supplementary
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material), a sensitivity analysis of empirical findings to per-
turbation of bounds (Section A.1.2, supplementary material)
and misspecification between the estimated model and the
theoretical framework where restrictions come from (Section
A.1.3, supplementary material). A comparison with alternative
schemes of reduction of the set further illustrates the ability
of inequality constraints on the FEVD to sharpen inference
(Section A.1.4, supplementary material).

6. Conclusion

This article set-identifies SVARs through bound restrictions on
the FEVD and provides estimation and inference tools. It shows
constraints in the form of bounds are appealing to researchers,
who increasingly favour weak restrictions, because they can
plausibly have beliefs about the FEVD. These constraints cor-
respond to quadratic inequality restrictions on the columns of
the rotation matrix transforming reduced-form residuals into
structural shocks. They can be easily derived from DSGE mod-
els and turn out to be highly informative when added to sign
restrictions.

The article addresses the tradeoff between sharp identifi-
cation and computation and provides sufficient conditions to
determine whether the identified set implied by the constraints
on the FEVD has a positive measure. The article also contributes
to the growing literature on the econometrics of set-identified
models and addresses the criticism by Baumeister and Hamil-
ton (2015) over the role of prior for the rotation matrix by
presenting a robust-prior procedure. I develop a methodology
to derive bounds on the FEVD, which are consistent with the
implications of a variety of popular DSGE models embodying
different frictions and parameterizations. Finally, when added
to sign restrictions, bounds on the FEVD deliver informative
inference about impulse response identified set, in the sense that
they can yield narrow identified set estimates and confidence
bands with respect to sign restrictions, and they address the
traditional criticism about the uninformative inference implied
by set-identification. This is verified through a monetary policy
application.

Supplementary Materials

The Supplementary material contains Supplemental Appendix, Techinical
Appendix, data and codes.
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